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Stable online approximation-based control algorithms are derived for aircraft longitudinal dynamics (v, «,
@0, and V) on an unmanned combat aircraft. The objectives of the control approach are to stabilize the aircraft
dynamics and to achieve accurate command tracking in the presence of significant nonlinear model error. This
error could be due to mismatch between the true aircraft dynamics and the model available at the control design
stage, or could be the result of events that occur during the vehicle flight, that is, battle damage. Lyapunov-type
stability analysis and simulation demonstrations of the achieved performance are included.

Nomenclature
Cp(x,) = coefficient of drag
C ps, (%) = coefficient of drag due to deflection of surface i
Cp(x,) = coefficient of lift
Cp, (x) = coefficient of lift with respect to «
Cy,(x,) = coefficient of pitch moment
Chp () = coefficient of pitch moment due to Q
Cu,, (1) = coefficient of pitch moment due to deflection
of surface i
¢;i,i€[1,9] = inertial parameters; see Ref. 34, p. 80
c = mean aerodynamic chord
D(x) = drag force function
D(x,) = approximated drag force function
g = gravity
K, = control parameter for Q loop
K, = control parameter for o loop
K, = control parameter for y loop
L(x) = lift force function
L(x,) = approximated lift force function
M Mach number
M(x) = pitch moment function
M(x,) = approximated pitch moment function
P, = matrix used in the inner-loop
Lyapunov analysis
(0] = pitchrate
Q. = commanded pitch rate
0 = pitchrate tracking error, Q — Q.
q = dynamic pressure, 3 pV?
S = reference area
T = thrust
Vv = airspeed
V. = commanded airspeed
Vv = airspeed tracking error, V — V,
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X = vehicle state vector

X, = reduced state vector containing only
the dominant elements

o = angle of attack

o = commanded angle of attack

a = angle of attack tracking error, & — a,

y = flight-path angle

Ve = commanded flight-path angle

y = flight-path angle tracking error, y — y.

8" = vector of control surface deflections,
[61,...,8m]

% = pitch angle

AP, A(PY) maximum and minimum eigenvalues of P,
air density

regressor vector

o
bx,)

L

HE past few decades have witnessed the development of a

number of nonlinear control methodologies for application to
advanced flight vehicles. These methods offer both increasesin per-
formance as well as reduced development times by dealing with
the complete dynamics of the vehicle rather than point designs.
Feedback linearization, in its various forms, is perhaps the most
commonly employed nonlinear control method in this arena.!=¢ In
addition to feedback linearization, other nonlinear methods have
also been investigated for flight control. In Ref. 7 a nonlinear model
predictive control approach is presented that relies on a Taylor se-
ries approximation to the system’s differential equations. Optimal
control techniques are applied to control load factor in Ref. 8. Pre-
linearizationtheory and singular perturbationtheory are applied for
the derivation of inner and outer loop controllers in Ref. 4.

The main drawback to the mentioned nonlinear control ap-
proaches is that, as model-based control methods, they require ac-
curate knowledge of the plant dynamics. This is of significance in
flight control because aerodynamic parameters always contain some
degree of uncertainty. Although some of these approaches are ro-
bust to small modelingerrors, they are notintended to accommodate
significant unanticipatederrors that can occurin the event of failure
or battle damage. In such an event, the aerodynamics can change
rapidly and deviate significantly from the model used for control
design. Uninhabited air vehicles are particularly susceptibleto such
events because there is no pilot onboard.

Various direct and indirect adaptive approaches have been pro-
posed to address circumstancesin which significant modeling error
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is present’~'% Indirect methods based on modified sequential least
squares and model predictive methods® were successfully demon-
strated in-flight on the VISTA F-16. However, proofs of stability for
these indirect linear adaptive controllers have not been presented.
Adaptive backstepping-typeapproaches,in which the linearizedair-
craftmodel parametersare estimatedonline, have alsobeenexplored
for flight control.''"'? These methods allow a total stability analy-
sis, but do not provide an easy means of designing the transient
response.'? In addition, because the approach s based on estimated
linearized aircraft model parameters, changes in operating point
can generate significant tracking error transients while the new
linearized model parameters are being estimated. Direct adaptive
control has also been successfully demonstrated in flight.'*~'¢ This
approach constructs a dynamic inversion controller for the known
aircraft dynamics and then augments this with a neural network
to cancel inversion error that arises as a result of model error; no
attempt at approximating the nonlinear model is made.

A recent series of articles'?!7~!° discusses and compares various
modern control approaches, that is, fuzzy logic, neural, adaptive
backstepping, indirect adaptive, nonlinear predictive, gain sched-
uled dynamic inversion, and variable structure, in a high-fidelity
aircraft simulation. The motivation for these articles is that nonlin-
ear controllers have performed well on simplified models but often
fail in high-fidelity simulations. In addition, the authors wished to
glean the implementation and tuning issues associated with the var-
ious methods. Challenges include actuator nonlinearities, loop in-
teractions, incorporation of pilot feedback, configuration changes,
and controller validation. Specific conclusions of Ref. 12 are that
the backsteppingand indirect adaptive approachesachieved the best
performance for a reasonable amount of design effort, that the Lya-
punov stability results that are possible with the backstepping ap-
proach are beneficial, that the backstepping approach yields faster
convergence than the indirect adaptive approach, that in the back-
stepping approach it was more difficult to select the design param-
eters to specify the transient response, and that the backstepping
approach required larger actuator response.

This work presentsa flight-controlapproachthatis based onideas
from feedback linearizationand backstepping 2°~2? The control law
incorporatesonline functionapproximatorsto estimate aerodynamic
force and moment functions. The theory for approximation-based
nonlinear control that is used is provided in Refs. 23-28. The main
advantagesof thisapproachincludea controller with a small number
of control parameters that are straightforward to select, automatic
adjustment of the control law to accommodate changes to the aero-
dynamic properties of the vehicle, a complete proof of stability, and
facilitated analysis of the effects of model errors. The main moti-
vations for this work were to produce a simplified control design
that is also more robust to model error; to accommodate online
large changes in the vehicle dynamics, for example, damage, and
to learn the aerodynamic coefficient functions for the vehicle. An
anticipated benefit from these propertiesis that the controller could
be applied to an aircraft that it was not explicitly designed for, for
example, an aircraft of the same family but different configuration.
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Additionally, the controller could be developed using a lower fi-
delity model than required by current methods, thereby, offering a
cost savings. This control method is expected to provide significant
reductionin design time because the control system design does not
depend on a conglomeration of point designs. In Ref. 29 some of
these benefits are discussed in the context of adaptive control for
guided munitions.

The approach herein develops online approximations to the air-
craftforce and moment functions. Such offline approximationshave
along history in the aerodynamicscommunity. Trankle et al. review
offline system identification methods in Ref. 30. The example of
this paper will use splines in the system identification process. An
overview, with several examples, of offline, spline-based, system
identification based on data partitioningis presented in Ref. 31. An
excellent review of offline estimation of aircraft model parameters
from flight data is contained in Ref. 32. Finally, in Ref. 33, offline
estimation is performed of additive functional corrections to the
aircraft model. The corrections are multidimensional cubic splines
(Ref.33,p. 1294), whichisinterestingrelative to the approachherein
where such model error is approximated online.

II.

This section presents an online approximation-basedapproach to
achieve asymptotic perfect tracking (Ref. 22, p. 194) in the aircraft
inner loop. The inner-loop controlleris presented only for the pitch
rate Q. The approach extends directly to control of roll and yaw
rates, that is, P and R. We assume that the aerodynamic moments
are not known a priori. The controller approximates the moment
functions online and uses the approximated moment functions in
a feedback-linearizing controller. The control loop is formulated
as a tracking problem where the goal is to force Q to converge to
and track an arbitrary input signal Q., which is differentiable and
known. Implicitly, we assume that Q. is reachable within the actu-
ator constraints, that is, no saturation. Because the derivation and
proof are spread through this section, the approach is summarized
in equations, Theorem 1, and block diagram (see Fig. 1) in Sec. IL.E.
Design and analysisof an online approximation-basedbackstepping
controller for y, @, O, and V, is presented in Sec. III by building on
the ideas and approach that is presented in the present section.

Inner-Loop Control

A. Pitch Rate Model: Q0
The Q dynamics are’*

0 = fo+crM(x, u) (1
where fo = cs PR — ¢s(P* — R?) is a known function. The inertial
parameters cs, ¢, and ¢; (defined on p. 80 in Ref. 34) are assumed
to be known. The moment M (x, u) is unknown and is represented
here as a function of the entire state x and control vectoru; however,
the online approximationsystem will only account for the dominant
state and control variables, which will be denoted by x,..

For the online approximation-based control design, we manip-
ulate the model into the sum of three functions: known functions,

r, V, P. R)] i
=i lg | Actator '8 | PitchRate | Q
I— Q Linearizing Distribution ; > D . =
Qc Controller Controller | YUSHIICS pitch
Commanded ! o | rate
Pitch Rate : T |
| I
|
I Feedback Controller |

Fig. 1 Block diagram implementation of online approximation-based pitch rate controller.
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unknown functions that will be approximated, and residual model
errors:

0= fo+e{Mx,)+ [M(x,u) — Mx,)]}

== fQ +C7M(xr) +C76M| (xvu) (2)

Inthisrepresentation,we are assuming that the dominantnonlineari-
ties, representedby M (x,.), are functionsonly of a subsetof the vehi-
cle state and control variable informationdenoted by x,. We assume
that the function M (x,) is unknown; therefore, it will be approxi-
mated in the control law. The term €y, (x, u) =[M (x, u) — M (x,)]
is the error between the actual moment and the design model. The
error €, (x, u) is assured to be small due to the assumption that
M (x,) is dominant. If this assumption turns out to be incorrect, then
additional input variables must be added to M (x,) to validate the
assumption that this term is dominant.

Using coefficient notation similar to that which is typical for
aircraft, we represent the pitch moment design model as

M (x,) = §S¢ {CM(, () + Cirg (x»% +Y Cu, (x»a,} 3)

i=1

Mx,) = ésa[cm ) + Cirg (x»%} tug @)

where the scalar control moment is up=Gyé and Gy =
L?Sé[CM{SI ()5, Cyy, (x,)]. Note that the error €, (x, u) can
be reduced by adding additional coefficient terms, for example,
Cy,(x,) to Egs. (3) and (4). The vector § represents the vector
of (total) control surface deflections, not a perturbationrelative to a
set point.

The control design approach is to specify u to attain tracking
of Q. by O, then to perform actuator distribution to specify the
actuator signals of the vector §. Actuator distribution, which is an
interestingproblemitself will notbe discussedhere. Several actuator

distribution approaches are available 338

B. Control Approach for a Known Model
If the function M (x,) were known, then the designer could select
the feedback-linearizing control law

g = —(GSO[Cu,(x,) + Cay x,)(€Q/2V)]

+(1/e)(—fo = KoQ — Ko, 01+ Q. + 1) )

where
0=(0-0). Q,=/th

The signal 5, is added (if desired) to dominate the effect of model
errors. It is inserted here for completeness and will be discussed
later. The control law defined earlier would yield the tracking error
dynamics:

0, + K0, +Kp, Q) = crey, x,u) + 1, (6)

These error dynamics show that the transient response of the Q
loop to disturbances or initial condition errors is determined by the
roots of s> + K o5 + K, =0. Therefore, K, and K, are positive
parameters selected to design this transient response. The tracking
error dynamics are excited by the modeling error €, (x, u).

C. Control Approach for an Unknown Model

The function M (x,) may be inaccurate or may change during
flight; therefore, it will be approximated online. The approximation
will be denoted M(x,), where M(x,) has the same structure as
M(x,):

Mx,) = E;S{ém @) + Cug (x»% +Y Cu, (x,-m}
i=1

where iy = 555[6M5i Dobag CA’M(SM 1= éSEéQ and_the aerodyna-
mic coefficient functions Cy, (x,), Cy, (x,), and CM‘Si (x,) are not
known and will be approximated by the control law. Note that any
prior available information about M (x,) can be used to initialize
M (x,), but this is not required.

When M (x,) is used in the control law, the control law is

flg = —(GSO[Cu, (x,) + Cury (x)(E0/2V)]

+(1/C7)(—fQ - KQQ - KQ,Q/ + 0.+ 77Q)

with the total surface deflections d selected such thatii , = G o(x,)d
by one of the available actuator distribution methods. For actuator
distribution to succeed, the estimated actuator distribution matrix
G must have full row rank. Note that it is possible for G, to
lose row rank even when G does not. This is an issue related to
the transient of the parameter estimation process. It can by avoided
either by projection methods™ or by adding excitationto & that lies
in the null space of G, when the det(G G(S) becomes too close to
Zero.

Whenstartedfrom Eq. (2), the QO trackingerrordynamics simplify
as follows:

Q = fQ +C7M +C7[M — M+6M|(x,u)]
= fo +¢1G5¢[Cy, + Criy (€0/2V)] + crilg
tor[M = M+ ey, ()]

0/ +Kp0i+Kp, 01 = c;[M = M + ey, (v, 0)] + 10 7

Note that at this point in the analysis, online approximation has
not yet been introduced. Therefore, Eq. (7) applies also to fixed-
gain control and shows that the tracking error is driven by error
between the actual moment M +¢), and the design model M.
Online approximation will be used to decrease this model error
or any additional model error that arises from online events, for
example, battle damage.

D. Online Approximator Structure
The coefficient functions to be approximated will be represented
by linear-in-the-parameterapproximations

Cu, () = 6}, dm, (x) ®)
Cuup (&) = 03y, burg () ©)
Co, () = 0], du,, (x,), i=1,....,m  (10)

where x, € %Y. Although this representationallows different basis
functions for each coefficient function, for simplicity of notation
we will assume that ¢y, (x,) = ¢y, (x,) = Py, () = ¢ (x,), where
d(x,): R — RV is a regressor vector containing the basis functions
for the approximation. Finally, ® ,, = [0y, , Omgs 0M5| seees Oy, 1€
RN x @+m) i5 the matrix of parameters for the (2 + m) approximated
functions.

Denote the operating envelope by D, which is assumed to be
compact, that is, closed and bounded. Then for continuous M (x,),
there exists optimal moment approximation parameters ®}, such
that

, &0

0}, = argming |:sup Mx,)—qgSé (0;, + QMQ —
D o 2V

i=1

+ )6 a,-)¢<x,-) }

€y, = suppley, (x,)| < oo
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where

r €0
QMQ 2V

o]
Om :(*):4

Because the designerhas the freedom to choose the basis set ¢ (), it
can be selected so that €, is small. Note that the values of ®}, and
€1, need not be known. These quantities are not used in the control
calculations. It is sufficient to know that these quantities exist.

Two model error terms have been introduced. The term €, is
the error incurred by neglecting some of the state variables in the
model representation of the moment. This error could be reduced
by including additional input variables in the moment model or by
including additional aerodynamic coefficients, at the expense of re-
quiring additional memory and computation. The term €y, is the
approximation error incurred due to the choice of the approxima-
tor basis set. This error can be reduced by increasing the number
of basis elements. There is an inherent tradeoff. Reduction of either
error will requireadditionalcomputation. Therefore,both theregres-
sion vector and the dimension of the input space must be selected
judiciously.

With the preceding definition of ®}, and €,,,, we can write

Mx,) = GS¢ (9[4” n Q,C,QW + Ze )

€, () = |:1\7I(x,.) —gse (% +

+ i@;,&i 8,-)

i=1

¢(xr) + 6Mz (xr)

*
OM

Define the parametererror vectors as éMU =06u, =0y, éMQ =0m, —
O 9/\45 =0u,, — Uy, , and Oy =0y — O}, Then, the tracking
error dynamlcs from Eq (7) can be further mampulated as

0/ +KpQ0,+Kp, 0 =—c:45¢ || 6y, + 6y, — -
e LN

+Ze

i=1

)¢(x, i| +c7 [eMz(x,-)—l—eMl(x,u)] +no (11)

Therefore, the transient response to disturbances and initial condi-
tion errors is still determined by the roots of s> + Kys + Kp, =0.
The trackingerroris excited by the errors in the parametersof the ap-
proximated functions © y =[6u,, Oumg, Ouy, » - - -, Ouy, ] and by the
residual approximationerrors (€, + €y, ). The next stepis to derive
parameter adaptationlaws for the approximationparameter vectors,
so that O and ©,, have desirable stability properties.

E. Stability and Parameter Adaptation

When the pitch rate tracking error state vector is defined as
z=[0,. 01", Eq. (11) can be written in state-space form as

z=Az+ Bu

where
u= —C7QSE|:(0;,U +9AT4QW + 20 ,-)aﬁ(x,-)}
i=1

+or[em @) + e, e, w) | + g

5[0 Lo
R Ko, —Ko

Define the Lyapunov function

i=1

1 ~
V=zTPzz+§<eL 5, + 80, Tt g + 30, T3 em,.)

(12)

where I'y,, Ty,, and Ty, , i=1,..., m, are symmetric, posi-
tive definite, and dimensionless parameter adaptation gain matri-
ces and P, = P/ >0 is the solutionto A" P, + P,A =—1I. Define
e=(P, B)Tz —zTP B, where

1

2Ky,

114Ky,
2Ky Ky

P.B =

z

The time derivativeof VV along solutions of the closed-loop Q online
approximation-basedcontrol system is

V =—z"z—2" P, Bc,(35¢)

{(9{40 + %W + Ze -)¢<x,.>}
i=1

+2" P, Bes[ew, (x,) + e, (v, w) | + 27 P, Bng

i=1

= 2"z — e;(§5¢) { (9[40 +65,= W + Z o, ,-) ¢)(x,.)i|
i=1

+ec; [eM2 (x,) + ep, (x, u)] + nge

+ {er Tyt + 65 Tk B + Z@Ma i 9M5,}

i=1
Then, when the adaptation laws are chosen as
Oy, = c1(GSE)eT b (x,) (13)
Ouy = €1(GSO)eT 1y (x,)(EQ/2V) (14)
Oy = €1(GSE)eT yy, ¢ (x,)8;, i=1,...,m, (15)

the time derivative of V reduces to

V= —2Tz+eci[em, () + em, (6, w) ]| + nge

IA

—llzll* + llzll | P. Bllcs€ + nge (16)

where € is an upper bound on the modeling error, for example,
€ = supp ey, (x,) + €4, (x, ).

In the case where ny =0, Eq. (16) is of the same form as Eq. (A3)
of Appendix A. (Note that the term ¢,¢ S¢ is always positive.) There-
fore, the proof proceeds similarly to show that z and ®, € L
and that ||z|| is € small in the mean-squared sense (MSS), that is,
llzll € S(€?). Additionally, ||z|| is asymptotically uniformly bounded
by

Ké"_ (KQI + 1)2
2K oK,

AP _ NP
AP C A(P)

lzll <

where A(P.) and A(P.) are the maximum and minimum eigen-
values of P.. Alternatively, if no = Kg(e), where eg(e) <0 and
Klg(e)| > c7ley, (x,) + €y, (x,u)|, then the system is asymptoti-
cally stable.If np = K g(e) with K > O whereeg(e) < 0,butK|g(e)|
is not always greater than c;|€,, (x,) + €y, (x, w)|, thenz and ®,, €
Loo; lzll is €% small in the MSS, that is, ||z]| € S(€?), and |z| is
asymptotically uniformly bounded with a bound at least as small
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as that defined earlier. In all of the cases described in this para-
graph, the asymptotic uniform bound is proportional to €, which is
small.

This approachcan be reformulatedand the proofs will go through
for the case where Ky, =0. In this section we have included the
nonzero K, term because it ensures that the integral of the Q er-
ror, thatis, pitch error, remains small during function approximation
transients. The reformulation with K, =0 is not included herein,
but is straightforward. The control law dependson [c, S, cs, cg, ¢7].
Therefore, error in these values will affect the size of the resid-
ual modeling error and, hence, the performance of the feedback
linearizing controller. Each of these parameters is typically known
relatively accurately.

When |z|| < || P,B||c;€, a deadzone should be included in the
adaptive law to prevent parameter updates. Without such a dead-
zone, stability is not guaranteed, and the parameters could drift.
Implementation of the deadzone requires knowledge of € or an up-
per bound on it. As currently defined, the size of the deadzone € is
a constantupper bound on the modeling error for the whole region
D. If the region is relatively large, then a fixed bound on € can be
conservative, which would create a large deadzone. One approach
to remedy this issue is to have a time-varying deadzone, which is a
function of the measured state, for example, Q. This is especially
important in online approximation schemes because by nature we
are trying to expand the operatingregion D. Because such issues are
notourmain focus, they are notdiscussedherein. The design of such
a time-varying deadzone is described in Refs. 27 and 40. Leakage
or o0 modifications are two alternative methods for achieving ro-
bustness of the online approximation to noise, disturbances, and
residual approximation error.** Implementation could be achieved
by augmentation of Eqgs. (13—-15) with additional additive terms. If
the parameters are known to lie in a convex set S, then projection
methods can be used to ensure that the parameter estimates do not
leave S. For example, projection methods can be used to ensure
the sign of the control coefficients Cy, is maintained. If projection
is used, then the stability proofs still go through using arguments
similar to those given in Ref. 39.

F. Inner-Loop Control Summary

The equations of the online approximation based controller
follow.

For the inner-loop control law

ig = —qSe[Cu, () + Cuy (x,)(EQ/2V)]

+(1/e)(—fo — KoQ — Ko, Q1+ Qc +110)
Select & such that iiy = G 8.
Go = Se[Cuy ), ... Cuy, ()]
The approximated moment coefficients are

Cu, (x,) =0}, $(x,), Curp (x,) = 037, 6 (x,)

Cuy, () = 63y, D(x)), i=1,....m

The parameter adaptation equations are specified in Egs. (13-15)
Q, is the integrated pitch rate error. K, and K, are control gains,
@(x,) is a basis for the function approximation, and the remaining
variables and parameters are defined in the Nomenclature.

The propertiesof this controllerare summarizedin Theorem 1 for
anaircraftwith m control surfaces. A block diagramimplementation
of the controlleris shown in Fig. 1.

Theorem 1: The controllaw summarizedin the preceedingequa-
tions stabilizesthe Q dynamics of an aircraftin the sensethat1) | Q|
is ultimately bounded by

_ 2
Py VK + (Ko, +1)
€

MP)  2KoKg,

7

(Ref. 20, definition 4.4),2) Q € L, 3) Oy € Lo, and 4) Q is €2
small in the MSS, where K, and K, are positive control gains, €
isaboundon |ey, +€pm,l, Op = [Oum,, Omyy, QMaI ,..., 05,1, and the
remaining variable and parameters are defined in the Nomenclature.
The term €2 small in the MSS is defined in Appendix A.

Note that the modeling error terms €), and €,, can be made
arbitrarily small by appropriate selection of the model structure in
Eq. (3) and the selection of the basis set ¢(x,) already given. The
parameters K, and K, should be selected to specify the tracking
error dynamics. The desired tracking error dynamics should be de-
fined to achieve the specified handling qualities. The control law
assumes that both Q. and Q. are available, bounded, and specify
the desired trajectory to be tracked. The boundedness and deriva-
tive availability requirements can be enforced by passing a arbitrary
boundedtrajectory Q, througha strictly proper low pass prefilter of
at least first order. ~

Note that the convergence of ®,, to zero is not required for the
trackingerror to have the properties stated in Theorem 1. Theorem 1
only states that the approximator parameters are bounded; in fact,
they tend to converge toward the optimal set of parameters required
to approximate the moment function. If the regressor vector satis-
fies certain excitation conditions, then this parameter convergence
is exponentialto a region with size determined by €,;, and €,,. The
trajectory of the approximator parameters is such that the function
approximation error is locally decreased in the vicinity of the cur-
rent operating point. If the basis elements have local support, then
the approximated functions are not changed in regions distant from
the present operating point.2 If the basis elements do not have lo-
cal support, then the approximation error in distant regions of the
operating envelope might increase when the parameters are tuned
to decrease the model error at the present operating point; however,
the Lyapunov function V is nonincreasing.

III. Outer-Loop Control

This section presents an online approximation-basedapproach to
achieve asymptotic perfect tracking for the flight-path angle y and
the airspeed V. To control y using backstepping, the designer can
chooseeitherangle of attack « or pitch6 = « + y as an intermediate
variable. Subsection III.C presents a backstepping-basedapproach
for the controlof y, &, O, and V. In this approach, the controllerwill
force o and Q to track the internally generated command signals
o, and Q.. A backstepping controller using 6 as the intermediate
variable can be similarly derived.*'*?

An online approximation-based version of the y, o, Q, and V
backsteppingcontrolleris presented in Sec. II1.D. In this approach,
we do not assume that the aerodynamic drag and lift force and
pitch moment are known a priori. The controller approximates the
drag and lift force and pitch moment functions online and uses the
approximated functions in a backstepping controller. Perfect track-
ing is achieved asymptotically as the approximated functions con-
verge. The implementation equations are summarized in Sec. III.E.
The theoretical properties of the controller are summarized in
Theorem 2.

A. Longitudinal Model: v, o, @, and V
The flight-path angle is defined as (Ref. 34, pp. 88 and 131)

y =sin"'(h/ V) (17)

where £ is the aircraftaltitude. If the aircraftdynamics are restricted
to the pitch plane, then y =6 — «. Then the y dynamics are

. L n |:T sin(ow) — mg cos(y)

L
= — T,V
mV mV :| mV + 5@ T.V,y)

where

T sin(a) — mg cos(y)
Fr = mV
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is a known function. Therefore, we have the following four dynamic
equations:

y ={@L/mV)+ f,, a=—(L/mV)+Q—f,

0=cM+ fy, V = (1/m)[T cos(ae) — D — mg sin(6 — )]

B. Lift and Drag Representation

We will work with the standard aircraft coefficient notation.
Therefore, the structure of the actual lift and drag functions are
assumed to be of the form

L(x,8) = GS[CL(x,) + Cp, (x| + €1, (x, 8)

D(x,6) = éS{Co(x,-) +> . Co, <x,.>|6,-|} + €, (2, 8)

i=1

The two lift coefficients C;, (x,) and C,, (x,) and the (m + 1) drag
coefficients are sufficientto illustrate the method. The main assump-
tion is that €, (x, §) and €p, (x, §) are small for x in the operating
envelope D. Additional coefficients may be required depending on
the characteristics of the aircraft to be controlled. The vector vari-
able x, represents the subset of the vehicle state and control vector
information that dominates the functionaldependenceof the lift and
drag functions. This is clarified further in the example of Sec. IV.
The pitch moment is modeled as described in Sec. II.A.

Using the aerodynamic coefficient notation, the y, «, Q, and V
dynamic equations are

o gs(cL+Cra ¢

=—(L = )+fy+i
mV mV

o gs(c e p

ae BCtCu) e
mV mV

: s c
0=/fo +C7[qSC<CMU +CMQ§> +ug +6MI:|

L _ -
V= p- |:T cos(a) — qS<Co + ZCDai |5i|)

i=1

—mgsin(@ — a) — 6D]i|

where (x,) has been dropped to reduce the complexity of the no-
tation. Assume that the externally generated signals (y., y.) and
(V., V,) are bounded and available. Then, the dynamic equations
for the tracking errors y =y —y., a=a—a., Q=0 — Q., and
V=V -— V. are

. gS[CL+Cua+ @) e,
= - .L' — 1
2 — +f—v+ — (18)
. gs(Cc.+Cpa B e
o= ( - - )+QL'+Q_fy_ac_ - (19)
mV mV

o G .
0=cS¢ (CM(, +Chuy %) teg+ fo— Qe+ crew,  (20)
2 1 _ L
V=-— |:T cos(a) — qS(CD + Zl: Ch, 15; |)]
. . €p,
—gsin(y) =V, — — (21)
m

The variables («., Q.) and their derivatives will be discussed next.

C. Backstepping Control of v, a, Q, and V:
Known Aerodynamic Functions

In the case where the lift and moment functions are known, the
backstepping control signals can be selected as follows:

a= o [—cL s v»} 22)
Q.= W ~ K@+ f, +ac+ve — ?qic‘}" (23)
uQ=—éS5(cMU +CMQ%> + _KQQ+VQ;&+Q"_fQ
(24)
T = =L§S<CD + ic”ai |8,-|) +mgsin(y)
i=1
+m[V,—K,(V—-V.)+ vv]}/cos(a) (25)

where @, is an approximation to «.. At least three approaches to
handle the term «. are possible: 1) Compute «. exactly. This is
complex and requires knowledge of &, which is not generally avail-
able directly. Also, exact computationdoes not extend conveniently
to adaptive or online approximation-based approaches. 2) Neglect
a, completely. This would require increasing the upper bound €
on the modeling errors enough to overbound the entire command
derivative. 3) Use a filtered version of the derivative in place of
the derivative, for example, a. = [s/(t,s + 1)]e.. In this case, €
only is increased by the error between the derivative and the fil-
tered derivative. The presentation to follow applies to any of these
choices, but the authors favor method 3 and use it in the simula-
tion example. Method 3 works well because the signal that is being
filtered is continuous. Therefore, the signal energy is at low frequen-
cies where the filter is a good approximationto the derivative. Note
that this is by design because the designer selects the bandwidth of
the derivative filter, that is, 1/7,, and the bandwidth of «,, that is,
K, . In Egs. (22-25), Q. is an approximation to Q.; for example,
Q. = [s/(tgs + D]Q, (see the comments for a,.). K,, K,, Ky,
and K are positive control gains and v,, v,, Vg, and vy are terms
that will be defined later to ensure robustness to modeling errors.
Then, the controlled tracking error dynamics are

y=—K,7+v, +&(Gsc,, /mV) +e, /mv (26)
d=—K,q+v,+ 0+ @ —a)—7(3Sc,, [mV) - (e, /mV)

(27)
0=-Ko0+ (0.~ 0) +vg — &+ crep, (28)
V=—K,V +vy — (ep, /m) (29)

Define a Lyapunov function as
Vowow =37 +& + 02+ V?)

The derivative of )V along solutions of the y, «, O, and V tracking
error dynamic equations is

Vowov = —(K, 7>+ Ko@* + Ko O* + Ky V?) +v,7
0@ + 0 + vy V + (7 — @) (e, /mV) + @@ — )
+ 000, — 0) + Ocren, — V(ep, /m) (30)

At this point, analysis similar to that of Appendix A could be used
to analyze the stability of this backstepping controller. We do not
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include that analysis herein because such a result would be very
similar to a result proved later, that is, Theorem 2. The main goal of
this section is to introduce equations and ideas that will be built on
in subsequent sections. Note that for a well-modeled system each
of the terms €., /mV, [a, —a. — (e, /mV)], (O, — Q.+ cr€u,),
and €, /m would be quite small; however, modeling error, possibly
due to in-flight changes in the aircraft, will excite tracking error
to possibly unacceptable limits. The challenge, as addressed in the
nextsection, is to ensure that the systemis well modeled, even when
in-flight events change the vehicle dynamics. This will be achieved
without resorting to high control gains.

D. Backstepping Control of v, o, @, and V:
Unknown Aerodynamic Functions

The preceding analysis was based on exact knowledge of the co-
efficient functions. Now, we consider the case where the functions
C.,Cy,, Cp, CD&," Cu,> Cyy, and CM5i are unknown and are ap-
proximated online.

1. Coefficient Approximator Definition
The online approximationsto the aerodynamic coefficient func-
tions are given by Egs. (8-10) and

CL=0l0x),  Co, =0 ¢x) 31)

Cox) =05p(x,),  Cp, (x)=6p, ¢x,)  (32)

where different basis vectors ¢ and arguments x, could be used
for each coefficient function, but this is not done herein solely for
convenience of notation.

By analysis similar to that in Sec. II.D, we define the optimal lift
approximation parameters and minimum uniform approximation
error for the selected basis set as

©) = argming, { sup |[(CL(x,.) +Cy, (x,.)a]
xreD

~ (o7 +6L, )0} 33)

(6 + 6! «)

e, () = [CLlx) + Cp, ()] — px,)  (34)

*
® .

€, = sup |6L2 (35)

xreD

where ®, =[6,,6,,]. If D is compactand L is continuous, then the
bound €, is well defined and small for appropriate selection of the
basis vector ¢(x,). Therefore,

[CLex)+ Cr, )] = [0 ¢x,) + 6] d(x,)et]

— [0 @) + 6 p(x)a] + e, (x,) (36)

where 6, =6, —0; and éLu =0, — 0. Note that ¢}, 6; , and
€1,(x,) are used only for analysis and are not needed for imple-
mentation of the control law.

Similarly we define the optimal drag approximation parameters
and minimal uniformdrag approximationerror for the selected basis
set as

{cm )+ché )18, |}

i=1

} (37

0] = argmmoni sup

Xr

i=1

- (05 + 05, |ai|)¢<x,.>

€n, (x,) = {C[)(x,.) + Co, (0I5, |}

i=1

o(x;) (38)

*
On

_ (eg +) b |5,-|)

i=1

ép, = sup |ep, (x,) (39)

xreD

where ®p =[0p, Op,,, ..., Op, |. If D is compact and D is con-
tinuous, then ©7},, €y, (x,), and €, are well defined and bounded.
The bound €, is small for appropriate selection of the basis vector
¢(x,). Therefore,

Co@) + Y Co, ()18 = (eg + . 0h |6,-|) $(x,)

i=1 i=1

- (55 + Z égéi |6i|) ¢ x,) + €p, (x;) (40)
i=1

where 0,) = 0p — 6}, and 905 = 905 — 0}, . Note that 6}, 0*
and €p,(x,) are used only for analysis and are not needed for 1m—
plementation of the control law.

In the following,the argument (x,) of ¢ and each of the coefficient

functions are dropped.

2. Online Approximation Based Control Law

Since the unknown aerodynamic coefficients are approximated
online, for each of the control signals of Eqs. (22-25) replace
the unknown functions by their approximations in the specified
control law

1 A -
aL'=A_[_CL+_( fy+J/L yy+vy):| (41)
CLu
gS(CL+Cpa e
L,=M—Ka+fa+a tu,— Il )
mV mV
eQ\ —kgQ+vy—a+ LL.—
0= —G5¢( Cu, +Cup— (9 ) £oQtvo O Jo (43
2V C7
T = =5S<én + Zéné,.w,w) +mg sin(y)
i=1
+m[VL'_KU(V_VL')+VV]}/COS(O[) (44)

Then, with the online approximations, the controlled tracking error
dynamics are

& ~qSC qS
y=-K,7+v, +a va - (9 ¢+0] pa)
€, +qSe
+(L| q Lz) 45)
mV
~qSCL qs
:—K o = 0 0
@+ve+0-7 v +mV( ¢+ qﬁoz)
€1, +qSe .
—MH&U—M (46)

mV
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A _ _ T T
O=—kgQ+vy - c7q5{<9 +9MQ2V+29 )}

i=1

+er[em, +em ] + (0, — 0 47)

i=1

& = gS [ -~ . _
V=—KV+v+L2 (9545 + Ze;§l¢|ai|) —ep, — Sep,
m i
(48)

The remaining issues are specification of the parameter adapta-
tion laws and analysis of the stability properties of the online
approximation-basedcontrol law. These issues are addressed in the
following section.

3. Stability Analysis and Parameter Adaptation

This section will analyze the (y, @, Q) and V controlledtracking
error dynamics separately. This separationis purely for convenience
of presentation. We use the fact that if V), o ¢) is positive definite
in (v, «, Q) and the lift and moment parameters, and Vy is posi-
tive definite in V' and the drag parameters, then V=1V, 4 o) + Vv
is positive definite in (y, o, Q, V) and the lift, drag, and moment
parameters.

Parameter adaptation and stability analysis for airspeed. Con-
sider the Lyapunov function

I )
W=3 <V2+0 o IQDJFZ@ Fo;e”&f) “

i=1

and let the drag coefficient parameters adapt according to
6p =60p = -Tp(@@S/mVé (50)
O, = 0p, = =T, (@S/m)Vls;] (51)

for Ky | \7| > (ep, +qSep,), where I'p and I'p, are symmetric and
positive definite parameter adaptation gain matrices.

The derivative of this Lyapunov function along solutions of
Eq. (48),for Ky |V| > (ep, + qSep,), is

Vv = —K, V2 + v,V — (ep, +§Sen,) V (52)

If vy is selected such that VVV <0 and |vy| > |ep, +¢Sep,|, then
Vy is negative semidefinite and asymptotic stability can be proved;
however, satisfaction of these requirements usually requires a dis-
continuous vy (e.g., vy =—Ksign(V) for K > 0 and sufficiently
large), which is not desirable. Even with vy =0, Eq. (52) is nega-
tive semidefinite for K, |V | > (ep, + éSeDz) Followingthe analysis
oprpendle itis possibleto show that v, 6p,0p, 905 s 905 €Ly
and that V is r2 smallin the MSS where r? = (1 /KU)(GDI —l—qSeDz) .

If vy is selected such that Vvy <0 (e.g., vy = —K (V)3 for K > 0),
then the bounds of the preceding sentence are decreased.

Parameter adaptation and stability analysis for (y, a, Q). De-
fine the (y, «, Q) Lyapunov function as

1, . U - . .
Voao =5 (7 +& + 0 +0/T7'6, +6/,1,/0.,)

1 - - - - o -
S GRS AT
i=1

where 'y, 'y, Ty, Ty, and FM(S are positive definite and sym-
metric parameter adaptation gain matrices. Let the lift and moment

coefficient parameters adapt according to

bc, = TL(GS/mV)(7 — &) (53)
Oc,, =T1,@S/mV) (7 — &)pa (54)
Oy, = T,¢7(75¢) 0 (55)

Ovy = Tayc1(GSE) 09 (cQ/2V) (56)

Oy = T, €1(35¢) 03, i=1,....m (57

for

1
7l >—=
K,

(€L, + 4 S€L,)
mV

(6, +3SéL,)

(Olc _Olc) - mv

. 1
|0l|>?a

~ 1 -
10| > K—|c7 [er, + €] + (0 —
9

where €;, and €,, are upper boundson €,, and €,,. When

1
K

14

(€, +G5€1,)

lyl < o

or

(Olc - Olc) + mvV

- 1
|0l|<7a

then éc,‘ =0and éc,‘u =0. When

101 < (1/Kp)|cr[em, + €m ]

then 6y, =0, 6y, =0, and 6, =0.

The derivative of V,, « ¢) along solutions of the (y, «, Q) con-
trolled tracking error dynamic equations with the parameter update
laws defined by Eqgs. (53-57) is

—(K, 7 + Ko@® + kg 0%) + v, 7 + vG + 00 + ¢
(58)

Viy.a,0) =

where

€ —Ol(OlL —a.)+ (¥ —Ol)[(fLI qS6L2)/mV]

+C7[6M2 + 6MI]Q + (QL - QL)Q

Therefore, for (K, , Ky, kg) posmve

D If (@ —a.)=(0.— 0. ) =€u, =€u, =€, =€, =0, then
even for v, =v, =vo =0 we have V,, 4 o) negative semidefinite,
which implies [by Barbalat's lemma, (see Ref. 22, p. 122)] that
each tracking error is asymptotically stable.

2) If v, has sign opposite to y and magnitude larger than
[(er, —l—éSeLz)/mVl v, has sign opposite to @ and magnitude
greaterthan & —cr, — [(er, + qSeLz)/m V1|, and v has sign oppo-
site to Q and magnitudelarger than |Q QL +c7(€m, +€um,)l, then
Vi .a.0) isnegativesemidefinite. Therefore, by Barbalat’s lemma, the
tracking error is asymptotically stable.

.3) If each of the terms €, /mV, gS(e.,/mV), (ozL - a,.),
Q. — 0. ), and [c7 (€, + €u,)] is bounded, then the tracking er-
ror is uniformly ultimately bounded. Each of these terms should be
small for a properly designed system Followmg the approach of
Appendix A, it can be shown that 7, &, 0, ©, © € L, and that the
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signals 7, &, and Q are each s? small in the MSS, where

— 2 _ 2
5 1 €r, +qS6L2 1 - . €r, +qS€L2
st=—r| — ) +—a. o, - ——=
K, mV K, mV

1 - .
+—[er(ems +em) + (2. - 0]
(4]

If v, has sign oppositeto y, v, has sign opposite to &, and vy has
sign opposite to @, then the magnitude of this bound is decreased.

The third case will be the case that holds in most applications.
Although it is possible to decrease s* by increasing K, K, and
K, this is not a desirable approach because these parameters de-
termine the closed-loop bandwidth. Also, the designer can force
the second case by selecting v, = — K| sign(y), v, = — K, sign(a),
vy = —Kj3sign(Q) with K, K,, K; sufficiently large, but this will
cause the controlsignalsto be discontinuous,which is notdesirable.
Case three is preferred because s is small.

E. Outer-Loop Control Law Summary
The equations of the online approximation-based controller
follow:

ae = (1/C)[~C+ mV/aS)(~f, +y. = K,7 +v,)]
Q. =qS(CL+Cra) /mV — Kua+ f, + 6+,
—7(aSC., /mv)
ity = —GSe[Cy, + Cuyp(@0/2V)]
+(1/e) (=Ko O+ O, + v — & — fp)

1 A A
T = s | ¢ o
cos(a) =q ( D+Z o )

i=1

+ mV. — K,(V = V) + gSin()’)]}

Select & such that iy = G » 8, where

The coefficients are

Cr, =00 p(x,), C, =60l ¢(x)

Cp =50 (x,), Cp, =05, $(x,)

Cu, = 03,0 (x,), Cup = 0,0 (x,)

Coty, = Oy, ()

The parameter adaptation equations are specified in Egs. (50), (51),
and (53-57). The index i € [1, m]. The properties of this controller
are summarized in Theorem 2.

Theorem 2: The control law summarized in the preceding equa-
tions stabilizes the (v, o, @, V) dynamics of an aircraftin the sense
that 1) (y, &, Q, V) are each ultimately bounded by

1

] < —
KV

-y et

mV

€L, + éSsz
mV

1

oo L
IocI_K

a

10l < KL|c7[eM2 +ewm ]+ (0 — 0
(4]
V| < KL|6D| +qS€Dz|

)7, & 0,V, 0, ®€Lo;3) Vis r? small in the MSS, where
r=(1/K,)(ep, +§Sep,); and 4) K, 7 + K,& + K, Q is s? small
in the MSS, where

_ 2 _ 2
2 __ 1 €Ly +qS6L2 1 = . €1, +LIS€L2
si=—|— +t=— .~ — ——
K mV K, mV

14

1 o .
+ K_[C7 (6M2 + 6Ml) + (QL - Qc)]2

Q
where (7,8, 0.V)=(y —ye.0—a,, 0— 0., V—V,)and® =[O,
0L, Op, ®D5i ,Ouy], fori=1,...,m. All other terms are defined

in the Nomenclature.

IV. Simulation Analysis

The preceding sections have presented the theory for the de-
sign of an approximation-based backstepping controller. This sec-
tion presents simulation results for the controller summarized in
Sec. IIL.E. The controller parameters are

K, =023,
Ky =02,

K, =3,

v, = —(10y)?,

VV=O

Ko =30
Ve = —(10&)°
VQ = O,

where y and @ areinradians; K, , K, K¢, Ky, v,, and v, have units
of s7!; vy has units of s72; and vy has units of ft/s?. Issues related
to the selection of the controller parameters are discussed furtherin
Sec. IV.B. The vehicle for these simulationsis a tailless uninhabited
combat air vehicle with one engine and six control surfaces, that is,
8, =rightouterflap, 8, = left outer flap, §; = right midflap, 4 = left
midflap, §s =right spoiler, and §s = left spoiler. The spoilers are
directly in front of the midflaps. Therefore, the midflap effective-
ness is a function of the spoiler deflection. The spoiler deflection is
restricted to be positive. The nonlinear aircraft simulation incorpo-
rates second-order actuator models with magnitude and rate limit
constraints. The thrust model includes first-order rate limited dy-
namics with magnitude limited to the range [100, 5000] 1b (or [444,
22,2411 N). When the thrust command is at its lower limit, the air-
speed controller deflects the spoilers to create the necessary drag
to cause the vehicle to track the commanded speed. Given these
constraints, the simulation selects the surface deflections according
to

S=d+W'GL[GoW'Gh] ig - God)  (59)

where W is a positive definite matrix and d € R® is a possibly
time-varying vector?” This actuator distribution approach mini-
mizes (§ —d)” W (8 —d) subject to the constraint that i, = G ;4.
The time step for the numeric simulation is 0.01 s. The open-loop
vehicle is unstable.

As summarizedin the coefficients listed in Sec. I1I.E, 17 functions
will be approximated.For all functions exceptC,V,{33 and C,V,(34 ,there-
gressorargumentisx, = (o, M ). For C,V,(33 , the regressorargumentis
x, = (a, M, 85). For C,V,(34 ,theregressorargumentisx, = («, M, &).
Each element of the regressor vector ¢ (x,) is implemented as third-
order B spline.** The spline and online approximation implemen-
tation are designed so that significantly fewer than N regressor el-
ements and model parameters are computed at each iteration. This
is achieved by defining the B-spline knots on a grid. This greatly
decreases the computationalload. The spline knots for « are spaced
every 2 deg between —8 and 20 deg. The spline knots for M are
spaced every 0.2 units between 0.0 and 1.0. The spline knots for
spoiler deflection are spaced every 10 deg between 0.0 and 60.

At t =0, the vehicle is flying V =300 fps with an altitude of
5000 ft, when an event occurs that changes the aircraft dynamics.
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Fig. 3 Time series of commanded and actual longitudinal states of
the aircraft, that is, two curves per subplot. Simulation starts with all
coefficients of aerodynamics model incorrect.
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Fig. 4 Surface positions and thrust commandsrequired to execute the
state trajectory shown in Fig. 3.
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Fig. 5 Time series of command tracking errors for the longitudinal
states with parameter adaptation on. Compare with Fig. 7.

Therefore, all of the aerodynamic coefficient functions in the con-
troller become incorrect. Figure 2 shows the actual coefficient of
lift and coefficient of moment functions compared to the controller
approximationsto the same functions at the start and end of the sim-
ulation. Figures 3—6 show information for a simulation evaluation
of the online approximation-basedbackstepping controller perfor-
mance. The commanded and actual state trajectories are shown in
Fig. 3 for the subsequent 450 s. During this period of time, the ve-
hicle speed is commanded to 400 fps, and starting at =25 s, the
gamma command is a series of 10-deg doublets with a period of
50 s. The gamma doublets are prefiltered by a first-order filter with
a pole at s =—0.5 and a 5 deg/s rate limit. This prefilter provides
y. and a continuous y.. The y and V commands are inputs to the
online approximation-basedbacksteppingcontroller. The «. and Q.
signals are generated within the control law by Eqs. (41) and (42).
The actuator signals are shown in Fig. 4. The time series for the
tracking errors are shown in Fig. 5. To compare the tracking errors
for repetitions of the same portion of the command more easily,
Fig. 6 shows the first 20 s of the tracking errors following ¢ = 50,
150, 250, and 350 s redrawn from Fig. 5 to allow more direct com-
parison of the change in tracking performance between comparable
portions of the trajectory. At each of these times, the signal y, has
just switched from —10 to 10 deg. Note that the tracking errors
are small, they converge toward zero during each doublet, and the
peak errors between repetitions of doublets is decreasing. Also, the
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Fig. 6 First 20 s of transients to v commands starting at #=50, 150,
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Fig. 7 Time series of command tracking errors for longitudinalstates
with the parameter adaptation turned off.

energy, that is, integrated squared error, of each tracking error ap-
pearsto decrease from one repetition of the doubletto the next. Note
that, even without online approximation, the tracking errors of the
controller are bounded; however, the bound is significantly larger.
The tracking errors for the same initial condition and command se-
quence, but with the parameter adaptation turned off is shown in
Fig. 7; compare with Fig. 5.

Figure 2 shows the initial and final approximationsto Cy, (x,) and
C.,(x,) +Cp, (x,)x along with the actualfunctions.Figure 2 is only
shown as a function of «, but the regressor inputx, is multidimen-
sional as described earlier. Note that the approximations converge
toward the actual functions for & € [3, 10], which is the region of
the operatingenvelope about which the vehicle has operated during
the duration of this 450-s simulation. Note that convergence of the
approximated functionsis not required for the tracking errors to be-
have well. The approximated functions can be forced to converge,
if desired, by adding additional excitation (either by changing the
y. and V, signals or by altering the actuator signals within the null
space of the G matrix).

A. Control Parameter Selection

For selection of the control parameters, consider the nominal
tracking error dynamics when the robustifying terms, model error
terms, and parametric error terms are all zero. The state-space rep-

Kg= 0.3, K =3.0, K;=80.0, a*ain [0,5]

OB oo S PP FOUR 4

lmag. axis
(=3
T

!

=

@
T
|

-2 ! I i I 1
-30 -25 -20 -15 -10 -5 [
Real axis

Fig. 8 Root locus for the tracking error dynamics of Eq. (60) as a
function of > € [0, 5] with Ko =30,K, =3,and K, =0.3.

resentationis then

% -K, a 0 %
al|=| —a -K, 1 a (60)
é 0 -1 —-K, 0

where a = QSCALU /mV . The poles of this system are determined by
the roots of

0=s>+ (K, + K, +Ky)s*+ (K, K, + K, Ko + KoK,

+a*+1)s + (K, KKy +a*Ky + K,)

Although it is not necessary for the theoretical analysis, to achieve
timescale separation between the loops, K, > K, > K, is normal.
If this constraint is applied, the error dynamics have one real pole
near — K and two poles with a real partin [-K,, —K,]. For V €
[200, 900] fps, the parameter a” € [0, 1]. For the control gains from
the example, the root locus as a function of a? is shown in Fig. 8. As
a® increases, these two poles become complex and their damping
decreases. Alternatively, the three control gains could be computed
online as a function of a® to maintain fixed-pole locations.

V. Conclusions

Design, analysis, and simulation results have been presented for
a backsteppingcontrollerincorporatingonline approximationof the
aerodynamic coefficients as a function over the operating envelope.
Several previous results in the literature have presented controllers
incorporating online adaptation of linearized aerodynamic coef-
ficients. Because the optimal linearized aerodynamic coefficients
change with operatingpoint, such linear adaptive methods may have
significant transients when the flight conditions change. Those tran-
sients would reoccur as the aircraft cycled through a set of operat-
ing points because such linear adaptive approachesare incapable of
storing model information as a function of operating point. Online
approximation of the aerodynamic coefficients as a function over
the operating envelope is a form of spatial memory; each time the
aircraft enters a new region of the operating envelope, the model
parameters that the controlleruses are the last parameters that it had
previously estimated while in that region. At the initiation of the
controller, prior knowledge about the approximated functions can
be used, either by initializing the approximator parameter vectors
or by additive known functions. Such prior initialization is not re-
quired from a theoretical point of view, but it will improve the initial
transient response of the system.

We have presented our approach without explicitly stating
an actuator distribution method. The simulation example used
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pseudoinverse-based control distribution, but the stability results
are not dependenton that actuator distributionapproach. Given that
variousactuatordistributionapproachesare available,two pointsare
important and will occur with any actuator distribution approach.
The first potential issue is that the estimated matrix G, may lose
full row rank even while the actual G ;, matrix still has full row rank.
This issue did not occur in our simulation results, but would need
to be addressed in a flight-ready control approach. If the designer
can define a convex set S, for example, each element of G , having
an a priori fixed sign, which is known to contain the true control
effectiveness parameters and which ensures the full row rank of
G, then projection methods can be used to avoid loss of rank of
G . Alternatively, because it is assumed that the actual vehicle is
controllable throughout the operating envelope D, it is possible to
monitor the condition of GQG(TQ. If this matrix approaches singu-
larity, then the actuator distribution algorithm can use the actuator
effectiveness matrix null space to enhance the ability to estimate
the actuator effectiveness parameters. The second potential issue is
actuator saturation. The actuator distribution algorithm can use the
null space of G to achieve ii, even though some of the actuators
may be at a saturation limit. When it is not possible to achieve iy
due to actuator saturation, nonzero tracking error will occur that
is caused by saturation, not by model error; therefore, the online
approximation approach will require modification. One approach
that will work is to stop the parameter adaptation when i, is not
being achieved due to actuator saturation. A more subtle approach
that allows online approximationto continue even during saturation
is being developed as a current research project.

The inner-loop control approach can be directly extended to pro-
vide a multiaxis (P, Q, R) controller. That extensionis notincluded
hereindue to spacelimitations. The outer-loopcontrollercan also be
extendedto provide (x, v, V), («, B, n),and (P, Q, R) controllers.
That extension is currently being developed.

In the presentation, it was assumed that the regressor ¢(x,)
is defined a priori. Therefore, the model error terms are fixed
when the lift, drag, and moment functions are fixed. The fixed
regressor assumption is standard in the literature related to on-
line approximation-basedcontrol, for example, neural and adaptive
fuzzy, for which stability results are desired. Methods that adapt
the definition of the regressor vector exist in the literature, for ex-
ample, Ref. 44, but currently there are no stability results for those
approaches. Combining these approaches is also a useful area for
future research.

Appendix A: MSS Stability Result
The conceptof i small in the MSS is definedin Ref. 39 as follows.

Definition. Let x():[0,00) — R" and wu(): [0, 00) —> RT
where x € £,, and u € L. The signal x is £ small in the MSS if

and only if
(4T
/ x(©) x(r)dr
t

t+T
< CO/ u(r)ydr 4+ ¢, vVt > 0, TZO}
t

xeS(M)z{x

where ¢ and ¢, are finite positive constants. The following theorem
will be useful in the main body of the paper.

TheoremA.1: If |e(t)| < e < 00, p[x(1)] € Lo, where € is a known
positive constantand

)?:—K)E—éT(b—l—e for

_Jo %] < v2¢/K
B 'x¢ otherwise (A2)

K>0 (A1)

-

then¥,,0 € Loo; ¥ € L,; and ¥ is > small in the MSS.
Proof: Consider the function V =_1(X* + 6I'"'9), which is
positive definite with respect to X and 6. The derivative of V along

solutions of Egs. (A1) and (A2) for |%| > +/2¢/K is
V=—Ki%+ex (A3)

When the equality e¥ = ${K ¥+ (1/K)e* — [VKX — (1/vK)e]*}
is used,

V< —(K/D)F + (1/K)lel? (A4)

Therefore, if |X|> > 2¢%/K?, then V is decreasing.If |X|> < 2¢&?/K?,
then 6 is constant and |X| is bounded. Therefore, V(¢) is bounded
by V(0), which shows that X, 6 € L. Because ¢ € Loo, Eq. (A2)
shows that 6 € L. Finally, integrating both sides of Eq. (A4) yields

t+T

t+T
f%r<iwm—va+nhui/. le|* dt
t - K K2 t

2 2 t+T
< = - 2 A
< KV(O)-l- e /t le|” dz (AS)
which shows that X is e? small in the MSS, thatis, X € S(e?).

Appendix B: Reduced Longitudinal
Dynamic Model

For R=P =0,¢ =0, and 8 = 0, the aircraft dynamicequations**
reduce to

V = (1/m)[T cos(a) — D — mg sin(0 — a)] (B1)

& = (1/mV)[—T sin(@) — L + mV Q + mg cos(d —a)] (B2)
Q=cM+f, (B3)

6=0 (B4)

where 6 is the pitch angle and the various other symbols are defined
in the Nomenclature.
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